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Synopsis
Recently we proposed an algorithm/II for finding the control points of Bezier curves with minimum error.
Although the method could find the control points efficiently, but nevertheless was suffered from several
linlitations: the error was more than 5%, learning time was high and the method was applicable only to
sylll1l1etrically distributed points. This paper presents a fast and robust algorithm for finding the control
points of the third order Bezier. curves. Our method is based on slope following and learning algorithm that
provides an efficient way of approximating control points from any set of points. Experimental results
delTIOnstrate that our method is efficient and robust for recovering the control points accurately.
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1. Introduction
Bezier curves have been found many applications in image processing, computer graphics, pattern
recognition and computer-aided geometric design. There are some approaches to recover the approximation
of the control points of Bezier curve. Hama and Okumomol21 have established a fast method for generating
Bezier curves. Shigal31 and Uchidal41 have proposed a method of recovering the control points of the Bezier
curve. Uchida's algorithm is fixing the first and fourth control poi'\ts and moving the second and third
control points along the tangent line made by the curve. Shiga's one starts from dividing the given curve into
four areas as 1:2:2: 1 ratio. These approaches have been applied by Takabuchils1 in image retrival of Ukiyoe
database.
Our approach is based on two stage approximation method. The first stage is the minimization of the
difference of the fth and (n-t)th points respectively from their corresponding points generated by the
assumed control points directed on the tangent lines. The second stage is the application of learning
algorithm to the second and third control points to let these points move in a direction which produces
rninirTIum difference between the original points and the corresponding points generated by the newly
directed control points. This method has been justified for various types of curves, and the control points
have been found exactly. For justification of the robustness of the algorithm, artificially generated random
noise have been added. Experimental results demonstrate that the method is .also capable of finding control
points accurately.
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2. System Description
A Bezier curve Q(t) of degree n can be defined in terms of a set of control points Pi (i=O, 1,2, .. ,n) and is
given by1hl:
Q(t) =IP, B"II(f)
,.0
....... (1)
\vhere each term in the sum is the product of a blending function B;.n(t) and a control point Pj. The Bi,n(t) are
called Bernstein polinolnials and are defined by:
·······(2)
Where C," is the binomial co-efficient given by:
n!C"=--
, i!(n-i) .......(3)
We can evaluate Bezier curve in terms of its important properties: movement of the control points
around influences the shape of the curve. The curve, shown in Fig. 1, does pass through the two endpoints
(Po and Pn) and is tangent at the endpoints to the corresponding edge of the polygon of the control pointsl1J •
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Fig...1 Some third order Bezier curves and the four control points used to define them.
We now examine the nature of the basis functions in more detail and consider the third order curve:
l
Q(I) =!Pi B"II(f)
, ..0
....... (4)
The basis functions B i,3(t) are as follows:
~,..!() = (I - I)
~.i I) =31( 1- I)
~.il) = 31 (1-1)
J
~.lt) = f
.......(5)
.......(6)
....... (7)
.......(8)
Thus for different values of t, we sum the values obtained from each of the four Blending functions. Then
we lise the following two stages to find the exact location of the control points.
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1st Stage:
This stage is dedicated for finding the approximate location of the control points. So at this stage, the
2nd and 3rd control points of the Bezier curve are assumed to be located on the tangent lines made at the end
points of the curve. Therefore, the 2nd and 3rd control points are moved along this line, as shown in Fig. 2,
and the location of the ~ th and (n- t )th points obatined from the curve are compared with their
corresponding points generated from the newly assumed control points. The reason behind this choice is two
folds: (i) Since this is an approximation stage, so comparison of the t th and (n- t )th points with their
corresponding points, instead of all the points with their corresponding points, obviously reduces a large
alTIOunt of computational cost, and (ii) It has been found from observation that the more complex the shape
of the curve or the less the number of points obtained from the given curve the better is the choice of the
cOITIparison points near the ending points. The choice of the comparison points just near the end points,
however, boils down to another problem of finding the exact location of the control points. The algorithm
for this approximation stage is given below.
[Step 1] Compute average tangent for both end points. Starting from the end points, move the 2nd and 3rd
control points along the tangent line.
[Step 2] Compute error for the 1- th and (n- t )th points. If error is large enough, then goto Step 1, else goto
the end of the 1st stage.
Fig. 2 Movement of the 2nd and 3rd control points of a Bezier curve at the 1st stage.
2nd Stage:
This stage is dedicated for the exact location of the control points. In this stage, first the control points
PI and P2 are changed alternatively by a large step and the error, that is, difference between the points
obtained from the given curve and their corresponding points generated from the newly found control points
are cOlnputed. As the contribution of the assumed control points in the error calculation reduces, the step
size is made smaller. This process is continued until the error becomes less than 0.00001 (minimum
permissible error). However, this moving effect and learning algorithm are shown in Fig. 3 and Fig. 4,
respectively.
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Fig. 3 Moving effect of the 2nd and 3rd control points.
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Fig. 4 Learning algorithm at the 2nd stage.
The algorithm for this stage is illustrated below.
[Step 1] Initialization: Count=O (Learning Time),
b:=~=1 (variable displacement for the movement of the 2nd and 3rd control points),
MAX=50 (Maximum Learning Time),
E=O.OOOOOI (Minimum permissible error or difference between the corresponding points)
[Step 2] Count++;
if E(x+~,y) is minimum, then goto Step 3
if E(x-~,y) is minimum, then goto Step 3
if E(x, y+b;,) is minimum, then goto Step 4
if E(x, y-b;,) is minimum, then goto Step 4
ifE(x, y) is minimum, then ~~~, b;,=~b;" goto Step 2
[Step 3] Searching minimum error for x-direction
While (E(x+~, y)<E(x,y» {Count ++, x=x+~}
While (E(x-b:, y)<E(x,y» {Count ++, x=x-b:}
if (count>MAX II E(X,y)<E), then goto the end of the 2nd stage
else goto Step 2
[Step 4] Searching minimum error for y-direction
While (E(x, y+b;,)<E(x,y) {Count++, y=y+~}
While (E(x, y-b;,)<E(x,y» {Count++,y=y-b;,}
if(count>MAX II E(X,y)<E), then goto the end of the 2nd stage
else goto Step 2
P.1 <400, .100)
poe 300,300)
(a)
Fb< 430, .150)
f3< 420,350)
(b)
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Pz <380,250)
poe 430, .150) P:l< 4"20,350)
P.1 <300,300)
fb< 430, .150) F2 (380,250)
(c) (d)
~
P.1 <420, .100)
P.1 (200,130)
P3 <370,280)
Po( 300,300)
(e)
Po< 120,300)
F3<380,,270)
(t)
Fig. 5 Control points obtained from different Bezier curves.
3. Results and Conclusion
This paper presents an accurate method for finding the control points of the third order Bezier curves, as
ShO\Nn in Fig 5. The error versus learning time for the 1st and 2nd stages have been shown graphically in Fig.
(, and Fig. 7, respectively. The robustness of the algorithm has been justified for a number of given data sets
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Fig. 6 Error versus learning time for the 1st stage.
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Fig. 7 Error versus learning time for the 2nd stage.
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and introducing artificially generated randonl noise, as shown in Fig. 8. ExperilTIental results delTIOnstrate
that our rnethod can recover the control points exactly. Our next approach is to find'the control points for the
4th and higher order Bezier curves and apply these methods to ilTIage analysis.
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F3< 380 # 269)
fb< 120,300)
(a) (b)
Fig. 8 Control points obtained from a Bezier curve wi~h noise (a) 5% and (b) 10%.
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